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PROPAGATION O F  CYLINDRICAL AND S P H E R I C A L  

ELASTIC WAVES BY M E T H O D  O F  CHARACTERISTICS 

by P e i  Chi  Chou and  H e r b e r t  A b r a h a m  Koenig  

D r e x e l  I n s t i t u t e  of Technology 
P h i l a d e l p h i a ,  Pa. 

SUMMARY 

A s e t  of g e n e r a l i z e d  e q u a t i o n s  is p r e s e n t e d  which g o v e r n s  the p r o p a g a t i o n  

of p l ane ,  c y l i n d r i c a l  and s p h e r i c a l  d i l a t a t ion  w a v e s  in  e l a s t i c  m e d i a .  T h e  c o r -  

r e s p o n d i n g  c h a r a c t e r i s t i c  e q u a t i o n s  a r e  then  d e r i v e d ,  inc luding  the  p r o p a g a -  

t ion  of a b r u p t  c h a n g e s  ( d i s c o n t i n u o u s  wave  f r o n t s ) .  

i n t e g r a t i o n  a long  the  c h a r a c t e r i s t i c  d i r e c t i o n s  a r e  e s t a b l i s h e d  and c a r r i e d  ou t  

f o r  s e v e r a l  e x a m p l e s  on  a n  e l e c t r o n i c  c o m p u t e r .  T h e  so lu t ions  of fou r  of the 

spec i f i c  e x a m p l e s  c a l c u l a t e d  show e x c e l l e n t  a g r e e m e n t  wi th  ex i s t ing  so lu t ions  

by o t h e r  m e t h o d s .  C e r t a i n  i n t e r e s t i n g  p h e n o m e n a  h a v e  b e e n  d i s c u s s e d  which  

P r o c e d u r e s  of n u m e r i c a l  

m a y  h a v e  c o n s i d e r a b l e  s i g n i f i c a n c e  in  d y n a m i c  c r a c k  p r o p a g a t i o n  and d y n a m i c  

s t r e n g t h  of m a t e r i a l s .  

V 



SYMBOLS 

. c = wave speed 

cO = b a r  v e l o c i t y  = /m 
= d i l a t a t i o n a l  v e l o c i t y  = /E,(, -go)/p(t I - 230)1’ 

c2 

c = p l a t e  v e l o c i t y  = 
Eo = Modulus of E l a s t i c i t y  
P 

K = a r b i t r a r y  cons t an t  

k = time f o r  a ramp i n p u t  t o  reach i t s  maximum va lue  

N = cons tan t  which determines n a t u r e  o f  problem 

= i n i t i a l  p r e s s u r e  a t  h o l e  
PO 

r = radial  d i s t a n c e  

r = i n n e r  r a d i u s  o f  s o l i d  
0 

i: = r/ro 

t = time 

u = radial  displacement 

v = au/at  = p a r t i c l e  v e l o c i t y  

v = v / c  
- 
a = modifying cons t an t  

v = Poisson’s r a t i o  
0 

v1  = v o / ( l  - vo) 

(I = r ad ia l  stress 

(I = t a n g e n t i a l  stress 

u = u/E 

r 

0 

T = c t / ro  

p = d e n s i t y  
vi 



I INTRODUCTION 

Recent ly ,  cons ide rab le  i n t e r e s t  has been cen te red  on the 

p r o t e c t i o n  o f  t h e  f u e l  tank  and o t h e r  p a r t s  of a space v e h i c l e  

a g a i n s t  meteoroid impact. 

are s u b j e c t  t o  t h e  hazard of  meteoroid p e n e t r a t i o n ,  

t h e  wall of t h e  f u e l  tank  must be  a b l e  t o  wi ths tand  t h e  high p r e s s u r e  

c r e a t e d  by a h i ch  speed p r o j e c t i l e  a f t e r  e n t e r i n g  t h e  tank.  

an a n a l y t i c a l  p o i n t  o f  view, t h e s e  problems can be t r e a t e d  as a t h i n  

p l a t e  w i th  a h o l e  sub jec t ed  t o  dynamic loading a t  t h e  edge of  t h e  

ho le  

The s t r u c t u r a l  w a l l s  o f  space v e h i c l e s  

In  a d d i t i o n ,  

From 

The t h e o r e t i c a l  a n a l y s i s  of  t r a n s i e n t  stresses due t o  impact 

loadings  has g e n e r a l l y  been performed by a mode-superposit ion method 

t h a t  uses  t h e  n a t u r a l  modes o f  v i b r a t i o n  p r e d i c t e d  by elementary 

theo ry ,  For ve ry  sha rp  impact loadings ,  however, t h i s  approach is 

no t  s a t i s f a c t o r y  because many modes are o f t e n  r equ i r ed  f o r  conver- 

gence, A n a t u r a l  a l t e r n a t i v e  t o  t h e  modal method o f  c a l c u l a t i n g  

t r a n s i e n t  stresses i s  t h e  method of c h a r a c t e r i s t i c s ,  Although t h i s  

method has  been s u c c e s s f u l l y  used t o  t r e a t  such s imple problems as 

l o n g i t u d i n a l  and t o r s i o n a l  impact of rods ,  on ly  r e c e n t l y  have 

s e r i o u s  a t t empt s  been made t o  s tudy  t h e  t r a n s i e n t  response o f  more 

complicated s t r u c t u r e s  by t h i s  approach, Leonard and Budiansky [l] 

der ived  t h e  c h a r a c t e r i s t i c  equa t ions  f o r  t h e  Timoshenko beam, inc lud ing  

t r a n s v e r s e  s h e a r  effect  and r o t a r y  i n e r t i a .  

equa t ions  governing t h e  propagat ion  o f  d i s c o n t i n u i t i e s  and performed 

numerical  i n t e g r a t i o n  a long  t h e  c h a r a c t e r i s t i c s  f o r  a few s p e c i f i c  

examples, Following t h e  same gene ra l  approach, Jahsman [2 ]  der ived  

They a l s o  der ived  t h e  

1 



t h e  character is t ic  equa t ions  €or  c i r c u l a r  sheets and p l a t e s  under 

very gene ra l  loading c o n d i t i o n s  a t  an i n n e r  hole .  

r e l a t i o n s  between t h e  v a r i o u s  stresses a t  t h e  wave f r o n t s  due t o  

abrupt  i n p u t s  ( s t e p  i n p u t s ) ,  b u t  d i d  n o t  s o l v e  t h e  c h a r a c t e r i s t i c  

equa t ions  f o r  t h e  d i s t r i b u t i o n  o f  stresses behind t h e  f r o n t s .  

He obtained t h e  

In  t h i s  r e p o r t ,  t h e  problem of a c i r c u l a r  s h e e t  under dynamic- 

in-plane loading a t  an i n n e r  h o l e  is so lved  by t h e  method o f  

chatacterist ics.  

first,  we a t e  i n t e r e s t e d  i n  developing t h e  method o f  charactaiist ics 

so t h a t  i t  may be app l i ed  la ter  t o  o t h e r  more complicated p l a t e  

equa t ions  i n c l u d i n g  t h e  effects  o f  bending, s t r e t c h i n g ,  and 

shea r ing .  Second, t h e  s o l u t i o n  ob ta ined  i n  t h i s  r e p o r t  for s h e e t s  

under in-plane loading has d i rec t  eng inee r ing  a p p l i c a t i o n s .  The 

governing equa t ions  f o r  t h e  s h e e t  problems are o f  t h e  same gene ra l  

form as those  f o r  

metrical problems. 

s o l v i n g  these t h r e e  types o f  problems by t h e  Laplace t r ans fo rm 

method, t h e y  can be t r e a t e d  by t h e  same approach i n  t h e  method of 

characterist ics.  I n  t h i s  r e p o r t ,  t h e r e f o r e ,  a set of gene ra l i zed  

equa t ions  i s  formulated which is  a p p l i c a b l e  t o  p l ane  waves, 

c y l i n d r i c a l  waves (plane stress o r  p l a n e  s t r a i n ) ,  and s p h e r i c a l  

waves. 

i n p u t s  are solved by t h e  method o f  character is t ics ,  

There are two purposes  f o r  s o l v i n g  t h i s  problem; 

p l ane  s t r a i n  problems and f o r  s p h e r i c a l  sym- 

Although d i f f e r e n t  t echn iques  are involved i n  

A few s p e c i f i c  examples o f  sheets and sphe res  under v a r i o u s  

The problem o f  a c i r c u l a r  s h e e t  under a suddenly a p p l i e d  r a d i a l  

stress a t  an i n n e r  h o l e  was so lved  by Kromm [3],  u s i n g  t h e  Laplace 

t ransform method. 

approach, he a l s o  solved the  problem of a s h e e t  under a step v e l o c i t y  

I n  a subsequent paper  [ 4 ] ,  by us ing  t h e  same 

2 



i n p u t ,  Miklowitz [SI obtained a s o l u t i o n  f o r  a ramp rad ia l  stress 

inpu t  by t h e  Laplace t ransform method with a d i f f e r e n t  i nve r s ion  

technique,  

c y l i n d e r  was analyzed by Se lbe rg  [ 6 ] ,  

s t r e s s  and p l ane  s t r a i n  problems, t he  s o l u t i o n s  are i n  t he  form of 

i n t e g r a l s  which must be eva lua ted  by e i t h e r  i n f i n i t e  series o r  by 

approximate numerical  i n t e g r a t i o n ,  For a d i f f e r e n t  i npu t  func t ion ,  

ano the r  l eng thy  t ransform and inve r s ion  p rocess  must be carried out  

and t h e  r e s u l t i n g  i n t e g r a l  eva lua ted  s e p a r a t e l y  by numerical means. 

Thus t h e  Laplace t ransform method app l i ed  t o  c y l i n d r i c a l  d i l a t a t i o n a l  

wave problems can only produce approximate numerical  r e s u l t s  and 

i s  no t  convenient f o r  sys t ema t i c  s tudy  of t h e  effects due t o  va r ious  

inpu t  func t ions .  

although numerical i n  n a t u r e ,  as w i l l  be shown i n  t h i s  r e p o r t ,  is  

very simple and easy  t o  apply,  and s u i t a b l e  f o r  problems of any type 

of i npu t  f u n c t i o n s ,  

The corresponding p l ane  s t r a i n  problem f o r  a t h i c k  wall 

I n  t h e s e  f o u r  cases o f  p l ane  

On t h e  o t h e r  hand, t h e  method o f  c h a r a c t e r i s t i c s ,  

For t h e  problem of s p h e r i c a l  d i l a t a t i o n a l  waves i n  hollow 

sphe res ,  c losed  form a n a l y t i c a l  s o l u t i o n s  e x i s t ,  The classical  

theo ry  and t h e  gene ra l  s o l u t i o n  f o r  s p h e r i c a l  e l a s t i c  waves are 

treated i n  textbooks such as Kolsky [ 7 ] .  Hopkins [8 ]  formulated 

t h e  character is t ic  equa t ions  f o r  s p h e r i c a l  e l a s t i c  and p l a s t i c  waves, 

i nc lud ing  shock waves i n  t he  p l a s t i c  r eg ion ,  b u t  d i d  n o t  c a r r y  out  

t h e  s o l u t i o n  f o r  any s p e c i f i c  problem, Sharpe [9] obtained a n a l y t i c a l  

c losed  form s o l u t i o n s  f o r  both an exponen t i a l  p r e s s u r e  inpu t  and a 

s t e p  p r e s s u r e  input .  Allen and Goldsmith [ l o ]  c a r r i e d  ou t  ex tens ive  

numerical  c a l c u l a t i o n s  f o r  t h e  s o l u t i o n  o f  t h e  exponen t i a l  input  by 

S h a v e ,  The same problem is  treated i n  t h i s  r e p o r t  by t h e  method of 

3 



c h a r a c t e r i s t i c s  and numerical  r e s u l t s  almost i d e n t i c a l  t o  t hose  o f  

Allen and Goldsmith are obtained.  

For p r a c t i c a l  s p h e r i c a l  wave problems such as those  due t o  

underground explos ions  and due t o  hype rve loc i ty  impacts,  t h e  i n p u t s  

are u s u a l l y  i r r e g u l a r  func t ions  and must be expanded i n t o  i n f i n i t e  

series form b e f o r e  t h e  c losed  form a n a l y t i c a l  s o l u t i o n  f o r  s imple 

input  f u n c t i o n s  can be used, as d iscussed  by Kinslow [ll]. For 

t h e s e  problems, t h e  numerical  method o f  c h a r a c t e r i s t i c s  is  aga in  

more convenient 

I t  has  j u s t  come t o  t h e  au tho r s '  a t t e n t i o n  t h a t  very r e c e n t l y  

(1964) i n  Poland, Perzyna and Bejda [12] app l i ed  t h e  method of 

c h a r a c t e r i s t i c s  t o  s p h e r i c a l  stress waves i n  p l a s t i c  medium; and 

K a l i s k i ,  Nowacki, and Wlodarczyk [13] used t h e  same method i n  

t r e a t i n g  propagat ion  and r e f l e c t i o n  o f  a s p h e r i c a l  wave i n  an 

e l a s t i c - v i s c o - p l a s t i c  s t ra in-hardening  body. 

genera l  t h e  approach d iscussed  by Hopkins [8]. 

They followed i n  

I n  t h e  fo l lowing  pages,  t h e  u n i f i e d  equat ions  f o r  p lane ,  

c y l i n d r i c a l ,  and s p h e r i c a l  e l a s t i c  waves are presented.  

c h a r a c t e r i s t i c  equat ions  are then  der ived ,  inc luding  t h e  r e l a t i o n s  

governing t h e  propagat ion o f  d i s c o n t i n u i t i e s .  

va r ious  inpu t  func t ions  are then so lved  by i n t e g r a t i n g  along t h e  

c h a r a c t e r i s t i c  l i n e s .  

computer. 

exis t ,  our  r e s u l t s  are i n  e x c e l l e n t  agreement wi th  s o l u t i o n s  by o t h e r  

techniques,  

f o r  many i n p u t s  are ca l cu la t ed .  

phenomina have been discovered,  

The 

Specific examples wi th  

The c a l c u l a t i o n s  are performed on an e l e c t r o n i c  

For t h e  few examples where s o l u t i o n s  by o t h e r  methods 

Because of  t h e  s i m p l i c i t y  o f  t h e  p r e s e n t  method, s o l u t i o n s  

From t h e s e  s o l u t i o n s ,  many i n t e r e s t i n g  

4 



Currently, t h i s  method is  being extended t o  media with variable  

e l a s t i c  properties  and ex ter ior  boundaries. 

t o  the p la te  bending problem, 

I t  is a l s o  being applied 

5 



11. Governing Equations 

One-dimensional e las t ic  d i l a t a t i o n a l  waves, i nc lud ing  p l ane ,  

c y l i n d r i c a l  and s p h e r i c a l  waves, can be analyzed by one set of 

gene ra l i zed  equat ions.  A s  de r ived  i n  Appendix A, these equa t ions  

are 

wh re r i s  the  coord ina te  and u t h e  displacement,  both i n  t h  

d i r e c t i o n  o f  t h e  wave propagat ion;  t is  time; p i s  d e n s i t y ;  

and u are t h e  normal stresses on p l anes  p a r a l l e l  and normal e 

r a 

t o  

the  wave f r o n t ,  r e s p e c t i v e l y ;  E and v are gene ra l i zed  e las t ic  con- 

s t a n t s  t o  be de f ined  below, 

wi th  va lues  o f  zero,  one, and two, corresponding t o  the  p l ane ,  

c y l i n d r i c a l  and s p h e r i c a l  waves, r e s p e c t i v e l y ,  For p l ane  waves, 

N = 0, v vanishes  from eqs.  ( l ) ,  ( 2 ) ,  and ( 3 ) ,  b u t  E can assume 

three d i f f e r e n t  va lues  depending on the  geometry o f  t h e  medium: 

In these equa t ions ,  N is  a cons t an t ,  

E = E, =Modulus o f  E l a s t i c i t y  f o r  bars (4) 

f o r  sheets ( 5 )  

- EoC I - 4 f o r  i n f i n i t e  ( 6 )  
bodies  € = E , -  1 -*o-21’o e 

where v o  i s  the  Poisson’s r a t i o .  

the c o n s t a n t s  E and v can assume two sets o f  va lues  depending on 

t h e  geometry o f  the problem: 

For c y l i n d r i c a l  waves, N = 1, 

6 



-l 

E = Ea I - I  For s h e e t s  (p lane  stress) 

J 2, = t)* 

E = E ,  1 
For i n f i n i t e  bodies  

I)=+, = I - 90 (p lane  s t r a i n )  

Sphe r i ca l  waves can only  e x i s t  i n  i n f i n i t e  bod ie s ;  t hus  we have 

f o r  N = 2 only  one set of  va lues  f o r  E and \, 

For i n f i n i t e  bodies  

and ue from eqs ,  (11, ( 2 1 ,  and (31 ,  w e  ob ta in  
I E = E, 

-9 = 3,  
El imina t ing  u r 

( 7 )  

which i s  t h e  governing d i f f e r e n t i a l  equat ion  i n  terms o f  u ,  The 

va lues  of  c ,  t h e  wave propagat ion v e l o c i t y ,  f o r  va r ious  cases ,  are 

(11) 
b a r  ve loc i ty - - fo r  p lane  

waves i n  b a r s  c =  

(12) c =  c p -  - J-““ = p l a t e  ve loc i ty - - fo r  p lane  P(I -9:) and c y l i n d r i c a l  waves 
i n  s h e e t s  

= . = /- - - d i l a t a t i o n a l  ve loc i ty - -  
f o r  p lane ,  c y l i n d r i c a l  
and spherical waves i n  pci - a - 2 % )  
i n f i n i t e  bodies  (13) 

7 



I 

For p l a n e  waves, t h e  gene ra l  s o l u t i o n  o f  eq,  (10) i s  t h e  

familiar d’Alembert’s s o l u t i o n  invo lv ing  waves o f  cons t an t  amplitude, 

Hence, on ly  c y l i n d r i c a l  and s p h e r i c a l  waves w i l l  be considered below, 

Eq. ( l o ) ,  which i s  a second o r d e r  d i f f e r e n t i a l  equat ion with 

one dependent v a r i a b l e  u ,  i s  equ iva len t  t o  t h e  system o f  eqs. ( l ) ,  

(2 ) ,  and ( 3 ) ,  E q ,  (10) is  more convenient f o r  t h e  a p p l i c a t i o n  of t h e  

Laplace t ransform method [3] ,  For t h e  method o f  c h a r a c t e r i s t i c s ,  

it is advantageous t o  use t h e  system ‘of eqs. (1) t o  (3) , because 

t h e  expres s ions  f o r  t h e  boundary c o n d i t i o n s  are s imple r  when t h e  

dependent v a r i a b l e s  are uro ae, and au/at .  

and (3) wi th  r e s p e c t  t o  time, and l e t t i n g  v = au /a t ,  we have t h e  

D i f f e r e n t i a t i n g  eqs.  (2) 

system of equa t ions  

This  is a system o f  t h r e e  l i n e a r  f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  

equa t ions  wi th  u u and v as t h e  dependent v a r i a b l e s .  These 

equa t ions  w i l l  be  shown t o  be hype rbo l i c  and t h e  corresponding 

r D  0’ 

c h a r a c t e r i s t i c  equa t ions  w i l l  be  p re sen ted  i n  t h e  next  s e c t i o n ,  

8 
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111, Method of Characteristics 

A,, Characteristic Equations 

In the r,t-plane, certain curves might exist, along which 

the stresses and velocity are continuous, but the derivatives of 

‘rb ‘0, and v are discontinuous, 

physical characteristics, (or simply, characteristics, or waves) 

These curves will be called the 

and the relation governing the variation of ar, de ,  and v along these 

physical characteristics will be called characteristic equations, 

which are usually called the hodograph characteristics in gas 

dynamics, As shown in Appendix B, for the system of eqs, (14), 

(15) # and (16) the physical characteristics are 

r+  
I -  

71 

& =  + c  dt 

db = o 

(17) 

The I* characteristic represents propagation of the discontinuity 

in the derivatives at velocity c, traveling to the right in the 

r,t-plane, The 1- characteristic gives the propagation towards 

the left, while I 1  is a degenerate dynamic wave expressing condi- 

tions along lines with r = constant. For homogeneous materials 

of constant E 

throughout the medium and the physical characteristics are straight 

lines of constant slope, 

and voD the velocity of propagation c is constant 

+ The characteristic equations along I and 1- are, respectively, 

9 



The characteristic equation along I1 is 

Eq, (19) is merely a restatement of eq, (16), which gives the 

static relation between the differentials of stresses and velocity 

at any constant ro 

B o  Propagation of Discontinuity 

The characteristic eqs, (18) and (19) are applicable for 

continuous fields with possible discontinuity in the derivatives 

of the variables ur, u g ,  and v ,  

discontinuities in the variables themself may also exist, but these 

will not be governed by eqs. (18) or (19), 

u 

variables is applied at a particular ro 

the propagation of these discontinuities will be derived below 

following the general procedure given by Leonard and Budiansky [l ] 

and Jahsman [ 2 1. 

Across the physical characteristics, 

Discontinuity in ur, 

and v occurs when a finite step input (or jump input) in these 
0 '  

The equations governing 

+ 
L 

t ,+ 

Figure 1 Discontinuities Propagating Along 
A I+ Characteristic 

10 



Let A and B be  two p o i n t s  on a 1- c h a r a c t e r i s t i c  as shown i n  

F ig ,  1, 

represented  by I, 

ac ross  I, exists, then urB - 
zero as I, i s  allowed t o  approach I ,  

Wri t ing eq,  (18) (with t h e  lower sign, f o r  Io) and i n t e g r a t i n g  from 

The two I+ c h a r a c t e r i s t i c s  pas s ing  through A and B are 
+ + and I, r e s p e c t i v e l y ,  

u 

I f  a d i s c o n t i n u i t y  of ur  
+ = 6ur  is  f i n i t e  b u t  d i f f e r e n t  from 

o r  as d r  approaches ze roD 
r A  

+ + 

A t o  B ,  w e  have 

or 

6 q +  p c s v  = 0 (20) 

s i n c e  when d r  + 0, t h e  in tegrand  con ta ins  bounded va lues  of ur ,  

u and v ,  so  t h a t  t h e  r ight-hand s i d e  vanishes ,  S i m i l a r l y ,  

i n t e g r a t i o n  a long  I1 from I, t o  I, ( o r  from A t o  C) y i e l d s  
e D  

+ + 

where 

+ + 
Since  t h e  v a r i a t i o n s  i n  u r  and ue along I, are cont inuous,  as I, 

approaches I 1  , and C approaches A and B ,  we have 
+ 

Therefore ,  t h e  va lue  o f  6ur  i n  eq,  (21)  approaches t h e  6u, i n  

eq,  (20) ,  and r e p r e s e n t s  t h e  jump i n  u r  a t  p o i n t  A a c r o s s  I, 

The same i s  t r u e  f o r  6ue and 6v. 

+ 

The v a r i a t i o n  i n  amplitude of t h e  func t ions  6ur ,  6ue and 6 v  as 
+ 

they  propagate  a long I i s  obta ined  by w r i t i n g  eq. (18),  wi th  t h e  

11 



+ + 
upper s i g n ,  a long I p  and I ,  

As d r  -f 0, we have 

and s u b t r a c t i n g  one from t h e  o t h e r ,  

This  may be i n t e g r a t e d  t o  g ive  

where K is  a c o n s t a n t o  S u b s t i t u t i o n  o f  t h i s  i n t o  eqs. (20) and 

(21) t hen  f u r n i s h e s  t h e  equat ions f o r  t h e  v a r i a t i o n  of &ag and 6v. 

Following t h e  same procedure,  t h e  equa t ions  f o r  d i s c o n t i n u i t i e s  

a c r o s s  a I -  c h a r a c t e r i s t i c  can a l s o  be de r ived ,  Therefore ,  f o r  

d i s c o n t i n u i t i e s  across I 
+ and I -  c h a r a c t e r i s t i c s ,  we have 

From t h e s e ,  it may b e  seen t h a t  d i s c o n t i n u i t i e s  o r  abrupt  changes 

a c r o s s  c y l i n d r i c a l  waves (N - 1) va ry  as r 

inward o r  outward. This  is  i n  agreement wi th  Kromm [ 4 ]  and Jahsman 

[ 2 ]  f o r  t h e  case o f  s h e e t s ,  

vary as r , i n  agreement with t h e  classical  theory,  [ 7 1  [ 8 1 .  

when they  propagate  -112 

For s p h e r i c a l  waves, d i s c o n t i n u i t i e s  

- 1  

1 2  



C, I n i t i a l  and Boundary Conditions 

In t h i s  papero t h e  e las t ic  body under cons ide ra t ion  w i l l  b e  

e i t h e r  an i n f i n i t e  s h e e t  with a c i r c u l a r  ho le ,  o r  an i n f i n i t e  

hollow c y l i n d e r ,  o r  an i n f i n i t e  hollow sphere,  

can be r ep resen ted  by ro 5 r < a, where r 

t h e  body is no t  loaded, t h u s  t h e  stress and v e l o c i t y  are zero, 

time p rogres ses ,  t h e  inpu t  i s  app l i ed  a t  r = r 

o r  g radua l ly ,  

of any one o f  t h r e e  v a r i a b l e s ,  or,  ae, and v, a t  r = r 

cases, t h e  a p p l i c a t i o n  o f u  load is no t  p r a c t i c a l .  
0 

fol lowing s e c t i o n s  s e v e r a l  t y p e s  of i npu t  i n  terms o f  ur  and v are 

p resen ted ,  

These c o n f i g u r a t i o n s  

i s  a cons t an t ,  I n i t i a l l y ,  
0 

As 

e i t h e r  suddenly 
0' 

This  i n p u t  can be i n  t h e  form of  s p e c i f i e d  time func t ion  

In a c t u a l  
O 0  

Thus i n  t h e  
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IL. Numerical Procedures - _  - -i___---. - 

A numerical  procedure involv ing  s tepwise  i n t e g r a t i o n  a long  t h e  

c h a r a c t e r i s t i c s  i s  employed t o  s o l v e  problems o f  va r ious  i n p u t s ,  

In  t h e  r ,c t -p lane ,  t h e  region between r = r 

div ided  i n t o  a g r i d  system by t h e  t h r e e  phys ica l  c h a r a c t e r i s t i c s .  

The p r o p e r t i e s  a t  each g r i d  p o i n t  w i l l  b e  c a l c u l a t e d ;  t hus ,  t h e  

and r = r + c t  is  
0 0 

cont inuous ciomain is rep laced  by d i s c r e t e  p o i n t s .  

Figure 2 C h a r a c t e r i s t i c  Network f o r  Appl ica t ion  
of  Numerical Procedure 

A t  a t y p i c a l  i n t e r i o r  po in t  1, t h e  t h r e e  q u a n t i t i e s  ur ,  u e ,  and v 

can be c a l c u l a t e d ,  i f  a l l  t h e  stresses and v e l o c i t i e s  a t  t h r e e  

neighboring p o i n t s  2 ,  3, and 4 are known, 

along a I* c h a r a c t e r i s t i c ,  eq. (18) with t h e  upper sign is written 

i n  f i n i t e - d i f f e r e n c e  form. 

from 4 t o  1, t h e  corresponding c h a r a c t e r i s t i c  equat ions  are a l s o  

expressed i n  f i n i t e - d i f f e r e n c e  a l g e b r a i c  form. 

u u 

equat ions  1 4  

Between p o i n t s 1  and 2 ,  

Along I -  from p o i n t s 3  t o  1 and along I 1  

The t h r e e  unknowns 

and v a t  p o i n t  1 can then be  determined from t h e s e  t h r e e  r' 8 '  



Along t h e  l i n e  r = ro, where one o f  t h e  t h r e e  v a r i a b l e s  is 

p resc r ibed ,  t h e  remaining two v a r i a b l e s  may b e  determined from t h e  

two equat ions  along t h e  Io and I 1  c h a r a c t e r i s t i c s ,  

r > r + c t ,  t h e  s t r e s s e s  and v e l o c i t y  are ze roo  Along t h e  l i n e  

r - r + c t ,  t h e  stresses and v e l o c i t y  are a l s o  zero  i f  t h e  i n i t i a l  

input  a t  r = r is cont inuous ( r a t h e r  than a s t e p  inpu t )  I f ,  

however, a d iscont inuous  inpu t  (step inpu t )  i s  app l i ed  a t  r - ro 

and t = 0, t h e  va lues  o f  or, ago and v are d i f f e r e n t  from zero  along 

r - r + c t  and may be determined from eqs,  (25) ,  (26),  and (27) .  

In  t h e  reg ion  

0 

0 

0 

0 
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V, S p e c i f i c  Examples 

A few s p e c i f i c  examples of s h e e t s  and sphe res  under va r ious  

i n p u t s  a t  r = r 

some of  t h e s e  examples w i l l  be  compared wi th  e x i s t i n g  s o l u t i o n s  

by o t h e r  methods, 

are ca l cu la t ed  and presented  below. Resu l t s  o f  
0 

I n  p re sen t ing  t h e  r e s u l t s ,  nondimen'sional q u a n t i t i e s  are 

in t roduced  as fo l lows:  

I r = Wro , r =  tc/r, , F =  C / € ,  i7 = v / c  

Thus, t h e  r e s u l t s  a r e  t r u e  f o r  materials o f  any va lues  of Eo and p 

and f o r  any va lue  of roi  

nzcr! f z r  * 

inc lude  a) a s t e p  func t ion  i n  urn b) ramp func t ions  i n  urD c) a 

r ec t angu la r  func t ion  (impulsive) i n  ur  and d) a s t e p  func t ion  i n  

v ,  For s p h e r i c a l  cases (N = 2 ) ,  i n  a d d i t i o n  t o  t h e  s t e p ,  ramp, 

and r e c t a n g u l a r  i n p u t s  i n  or and s t e p  and ramp i n p u t s  i n  V ,  an 

exponent ia l  i npu t  i n  ur  i s  a l s o  c a l c u l a t e d  and compared wi th  an 

a n a l y t i c a l  c losed  form s o l u t i o n ,  

In  a l l  examples (except case  I )  0 ,3  i s  

For t h e  s h e e t s  (N = 1, E = Eo# v = vo) ,  t h e  examples - o 0  

A, 

This  problem has been solved by Kromm [ 3 ]  us ing  t h e  Laplace 

S tep  ar Input  i n  Shee ts  

t ransform method,, Within t h e  accuracy o f  curve p l o t t i n g ,  our  

r e s u l t s  f o r  a u n i t  s t e p  Or i npu t ,  as shown i n  Fig. 3, agree  e x a c t l y  

wi th  Kromm*so 

0 e @  
meter, 

a t  a v e l o c i t y  c 

according t o  eqs ,  (25) ,  (26),  and (27). A t  l a r g e  valuesof  time, 

16 

F igs ,  3a, 3b, and 3c g ive  t h e  d i s t r i b u t i o n s  of  G r ,  

and v ,  r e s p e c t i v e l y ,  a l l  p l o t t e d  a g a i n s t  T) with  ? as a para-  

The abrupt  wave f r o n t s  i n  GrD i o ,  and propagate  outward 

The amplitude o f  t h e s e  wave f r o n t s  a t t e n u a t e  
P" 



t h e  v e l o c i t i e s  at a l l  r a d i i  approach zero and t h e  stresses approach 

t h e i r  s t a t i c  va lues ,  

d i scussed  by Kromm, 

t h e  behavior  of  ue a t  t h e  h o l e  (? = 1) may be  mentioned, 

a f te r  t h e  a p p l i c a t i o n  of  t h e  s t e p  ar inpu t ,  becomes u 0 o r  

Other p r o p e r t i e s  of  t h e s e  curves have been 

An a d d i t i o n a l  i n t e r e s t i n g  p o i n t  concerning 

Immediately 

(0.3 i n  

t h i s  case), After a s h o r t  time (T = 3,88; o r  t = 4,75usec. f o r p = . - 7 9 3 7  Ib-%' Y 

r 

and then  i n c r e a s e s  aga in  t o  i t s  s t a t i c  va lue  o f  -1, 

p o s i t i v e  va lue  of ae and subsequent surge  t o  a high nega t ive  va lue  

have important  imp l i ca t ions  i n  crack propagat ion and i n  dynamic 

s t r e n g t h  of  materials 

= 0.25 i n o O  Eo = 30 x lo6  p s i )  z, decreases  t o  a va lue  o f  -1,24, 
0 

This  i n i t i a l  

B, Ramp 'Ir Inputs  i n  Shee ts  

This  i s  t h e  exac t  problem of  Miklowitz [ 51, who app l i ed  t h e  

Laplace t ransform method i n  g e t t i n g  a s o l u t i o n ,  As mentioned be fo re ,  

h i s  s o l u t i o n  i s  i n  t h e  form of  a lengthy quadra ture  which must be 

eva lua ted  by approximate numerical  methods,, 

method of c h a r a c t e r i s t i c s ,  as shown i n  Fig. 4, are i d e n t i c a l  t o  h i s  

r e s u l t s  i n  g raph ica l  form, The s lope  of t h e  ramp i s  taken as fz = 2,04 

which i s  equ iva len t  t o  a "k" of 2 ,5psec. ,  f o r  ro = ,25 i n ,  and 

Eo = 30 x l o 6  p s i ,  (which are t h e  va lues  used i n  [ 5 3 )  e 

it  can be  seen t h a t  t h e  i n i t i a l  p o s i t i v e  va lue  of ae  i s  less than  

u u t h e  va lue  f o r  s t e p  input .  The subsequent downward surge  i n  

5 

s t i l l  propagates  a t  a v e l o c i t y  of  c 

inc rease  g radua l ly  a f t e r  t h e  a r r i v a l  of  t h e  f r o n t .  

of time, v e l o c i t i e s  a t  a l l  r a d i i  become zero  and t h e  stresses approach 

Our r e s u l t s  by t h e  

From Fig. 4 

c 

o r' 

8 i s  a l s o  less than  t h a t  due t o  t h e  s t e p  i n p u t o  The wave f r o n t  

bu t  t h e  stresses and v e l o c i t y  

A t  l a r g e  va lues  
P' 
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t h e  s t a t i c  va lues  f o r  ar = 1 a t  F = 1, 

f e a t u r e s  o f  t h e  response o f  a s h e e t  t o  ramp i n p u t s ,  a few cases  

us ing  d i f f e r e n t  va lues  of  E are c a l c u l a t e d  and t h e  r e s u l t s  p l o t t e d  

To b r i n g  ou t  some f u r t h e r  

i n  Fig,  5, As t h e  ramp becomes s t e e p e r  (E decreas ing) ,  t h e  s o l u t i o n  

approaches t h a t  of a s t e p  inpu t  as a l i m i t ,  

From a p r a c t i c a l  p o i n t  of view, most i n p u t s  are g radua l ly  

appl ied .  Also, s i n c e  a s t e p  inpu t  always involves  s h o r t  length 

waves from t h e  normal mode p o i n t  of  view, t h e  p l ane  stress approxi- 

mation i s  t h e r e f o r e  n o t  accu ra t e ,  However, s i n c e  t h e  dynamic stresses 

due t o  t h e  s t e p  input  are l a r g e r  than those  due t o  ramp i n p u t s  (o r  

o t h e r  g radua l ly  app l i ed  i n p u t s ) ,  s o l u t i o n s  f o r  t h e  s t e p  input  may 

be used t o  e s t a b l i s h  upper bounds of dynamic responses  t o  d i f f e r e n t  

loading func t ions ,  

C, A Rectangular G r  Input  i n  Shee ts  

The f a c t  t h a t ,  due t o  a s t e p  Or i npu t ,  t h e  peak z a t  F = 1 i s  
0 

24 percent  h ighe r  than  t h e  s t a t i c  va lue  has  been recognized by 

Kromm, 

h igher ,  as shown i n  Fig. 4bJ We s h a l l  b r i n g  out another  i n t e r e s t i n g  

and important fac t  about zr  input  func t ions ,  

r ec t angu la r  

a nega t ive  u n i t  s t e p  G r  i npu t  a t  T - 3,88, 
i s  equiva len t  t o  an impulsive inpu t  involv ing  a loading and unloading 

process ,  Due t o  t h e  i n i t i a l  p o s i t i v e  va lue  and then a nega t ive  surge 

of  z0 under t h e  s t e p  ar inpu t ,  t h e  peak 

inpu t  i s  5 4  percen t  h igher  than t h e  s t a t i c  va lue  due t o  zr = 1 a t  

? s 1, as shown i n  F igc  6b, I f  a r a d i a l  crack exists a t  t h e  hole  

(s P l ) ,  and i f  t h e  crack propagat ion depends on only  t h e  magnitude 

(For a ram? ar input  w i t h  f = 2,04,  t h e  peak i s  23 percent  

This  i s  t h e  case  of a 

i n p u t ,  o r  a u n i t  s t e p  2 T r inpu t  a t  T = 0 combined with 

As shown i n  F ig ,  6, t h i s  

under t h e  r ec t angu la r  e 
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of z o ,  then a s t e p  compression input  (ar = -1) is more c r i t i ca l  

than a s t a t i c  a load; and a r ec t angu la r  i n p u t ,  with a width of 

T = 3 , 8 8  is more severe  than t h e  s t e p  i n p u t o  

ske tch  i l l u s t r a t i n g  t h i s  p o i n t ,  

r 
Pig,  6d is a schematic 

A Sheet  wi th  vo  = 0,3 

u = upunder s t a t i c  a 8 r 

u = 1,24  u r  under e 
dynamic s t e p  0 r 

u = 1,54 ur under 0 
impulsive Z r 

- I  .f 

Figure 6d Rectangular (Impulsive) 
u Input  r 

Under c e r t a i n  c i rcumstances,  a dynamic stress i s  no t  c r i t i c a l  

i n  i n i t i a t i n g  crack propagat ion because of i t s  s h o r t  du ra t ion  of 

ac t ion .  Under t h e s e  circumstances a repea ted  r ec t angu la r  load wi th  

a pe r iod  of 2 x 3 , 8 8 ,  w i l l  be most c r i t i c a l  f o r  crack propagat ion,  

The c r i t i c a l  p r e s s u r e  (-ar) w i l l  be 65 percent  (1/1.54 = ,65) of 

t h e  s t a t i c  p r e s s u r e  t h a t  would be r equ i r ed  t o  i n i t i a t e t h e  crack 

propagat ion e 

D, A Step  0 Input  i n  Shee ts  

This  i s  t h e  second problem t r e a t e d  by Kromm [ 4 1 ,  us ing  t h e  

Laplace t ransform method, Our r e s u l t s  are presented  i n  Fig. 7 i n  
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t h e  form o f  curves  of Gr ,  a e p  and 3 p l o t t e d  a g a i n s t  T, with  5 as a 

parameter,  

and t h e  curves from t h e  two methods co inc ide ,  Many i n t e r e s t i n g  

f e a t u r e s  o f  t h e  s o l u t i o n  o f  t h i s  problem have a l r e a d y  been d iscussed  

by Kromm, 

t h e  p a r t i c u l a r  r a d i u s  (E = 1.533) a t  which zr immediately behind 

t h e  wave f r o n t  remains s t a t i o n a r y ;  f o r  ? e 1,533, 

monotonically,  and f o r  T > 1,533, 'Jr first decreases  and then 

inc reases  , 

Again, our  r e s u l t s  show complete agreement wi th  Kromm's, 

These inc lude  t h e  asymptot ic  behavior  o f  t h e  stresses: 

inc reases  r 

E ,  

Fig,  8 g ives  t h e  r e s u l t  of  a u n i t  s t e p  zr inpu t  app l i ed  a t  

S tep  br Input  i n  Mollow Spheres 

t h e  ho le  (F = 1) i n s i d e  a sphere  (N = 2, vo = 0,3) 

behavior  of t h e  stresses and p a r t i c l e  v e l o c i t y  i s  t h e  same as t h a t  

of t h e  s h e e t ,  The o s c i l l a t i o n  of  u and a t  d i f f e r e n t  ? i s  

more pronounced than t h a t  f o r  t h e  s h e e t ,  

stresses t o  reach t h e i r  s t a t i c  va lues  i s  a l i t t l e  longer ,  The 

i n i t i a l  p o s i t i v e  va lue  o f  

with eq,  ( 2 6 ) ,  Notice t h a t  t h i s  i s  much h ighe r  than 0 ,3 ,  t h e  va lue  

f o r  t h e  s h e e t ,  Subsequently,  t h e  va lue  o f  ze surges  t o  a va lue  o f  

-0,75 a t  T = 2 , 2 6 ,  and then approaches t h e  s t a t i c  va lue  of  -0 ,5,  

The peak due t o  s tep ar  inpu t  is, t h e r e f o r e ,  50 pe rcen t  above 

t h e  s t a t i c  value,, 

of 24 percent  i n  t h e  case o f  s h e e t s ,  

occurso  T = 2,26 ( o r  t = 2.5 seco f o r  ro = 0,25 i n ,  and Eo = 30 x 

l o 6  p s i ) ,  i s  cons iderably  sooner than T = 3,88, t h e  corresponding 

value f o r  s h e e t s ,  

The genera l  

- 
r p  e '  

The time requ i r ed  f o r  t h e  

is  0 ,429  = v o / ( l  - v O ) #  i n  agreement 

This  is a l s o  h ighe r  than t h e  corresponding va lue  

The time when t h e  peak ze 
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F .  Ramp ar Input  i n  llollow Spheres 

The r e s u l t s  of  t h i s  case are shown i n  Fig,  9. Comparing t h e s e  

r e s u l t s  with those  shown i n  Fig. 8 due t o  a s t e p  br i npu t ,  it can 

be seen t h a t  t h e  peak stresses (except br a t  3 = 1) and peak 

v e l o c i t i e s  a t  d i f f e r e n t  T a r e  smaller., The stresses and v e l o c i t i e s  

have less o s c i l l a t i o n .  In  a l l  curves ,  t h e r e  are no sharp  wave f r o n t s ,  

The curves f o r  zr and c a r e  continuous but  have d i s c o n t i n u i t i e s  i n  

t h e i r  d e r i v a t i v e s  with r e spec t  t o  time. These d i s c o n t i n u i t i e s  a r e  

propagated from t h e  o r i g i n a l  input  a t  7 = 1, T = E, with  a v e l o c i t y  c p e  

G o  A Rectangular  ar Input  i n  Hollow Spheres 

This  i s  t h e  impulsive inpu t  similar t o  t h e  one d iscussed  above 

f o r  s h e e t s ,  As shown i n  F ig ,  lob,  t h e  abso lu te  va lue  of  t h e  peak 

u i s  1.18, which i s  136% h ighe r  than t h e  s t a t i c  va lue  of  0,s. Thus 

t h i s  case i s  even more severe  than  t h e  impulsive loading i n  shee t s .  

- 
e 

11, v Inputs  i n  Hollow Spheres 

Ca lcu la t ions  have been made f o r  a s t e p  3 inpu t  and a ramp v 
inpu t ,  but  t h e  r e s u l t s  a r e  no t  presented  he re ,  The genera l  d i s -  

cuss ions  f o r  t h e  corresponding cases  i n  s h e e t s  are a l l  app l i cab le  

t o  t h e s e  s p h e r i c a l  ca ses ,  The ramp i n p u t s  with decreas ing  va lues  

of f; approach t h e  s t e p  ? i npu t ,  

I ,  Exponent ia l  ur Input  i n  Hollow Spheres 

-a t  The inpu t  i n  t h i s  case i s  an exponent ia l  func t ion ,  CY r Poe D 

app l i ed  a t  t h e  hole ,  Extensive c a l c u l a t i o n s  have been performed f o r  

t h i s  problem by Allen and Goldsmith [ l o ]  with an e l e c t r o n i c  c a l c u l a t o r ,  

u s ing  t h e  Laplace t ransform s o l u t i o n  by Sharpe [ 9 ]  as a b a s i s ,  This  

input  has  s p e c i a l  s i g n i f i c a n c e  i n  s imula t ing  t h e  effect  of  explos ive  
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charge de tona ted  i n  con tac t  wi th  a metal, 

a p p l i c a t i o n s  i n  underground explos ions  and i n  geophysics,  

purpose of t h e  i n c l u s i o n  of t h i s  case is t o  demonstrate t h e  accuracy 

and ease of  a p p l i c a t i o n  of t h e  p r e s e n t  method. The same dimensional 

cons t an t s  f o r  s tee l  are used i n  t h e  p r e s e n t  method as i n  [ lo] .  
These are: 

I t  a l s o  has p r a c t i c a l  

The 

E = 2,139 megabars 
0 

p = 7,849 &/CC 

v = 0,31 
0 

= 0 ,283  megabars 
PO 

a = 2 sec-1 

r = 1,s cm 
0 

The r e s u l t s  are shown i n  Fig,  11,  i n  t h e  form of  ur ,  ue, and v vs .  r 

cu rvesp  wi th  ? as a parameter,, The r e s u l t s  from [ lo]  are i n d i s -  

t i n g u i s h a b l e  from t h e s e  curves by t h e  p re sen t  method, except  t h e  

u curve w i t h  t = 2usec i n  Fig,  l l a .  Here, our r e s u l t s  show a d i p  

- while  Ref, [ l o ]  g ives  no d i p ,  I t  i s  be l i eved  t h a t  our  r e s u l t s  are 
r 

c o r r e c t  and a s l i g h t  e r r o r  i n  involved i n  [ l o ] ,  
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V I ,  CONCLUSIONS 

A, The method of  c h a r a c t e r i s t i c s  has  been s u c c e s s f u l l y  app l i ed  

t o  t h e  propagat ion o f  c y l i n d r i c a l  and s p h e r i c a l  d i l a t a t i o n a l  

waves i n  e l a s t i c  media. I t s  s imple r e c u r r e n t  f i n i t e - d i f f e r e n c e  

equat ions  are most adaptab le  t o  computer c a l c u l a t i o n s .  I t  can 

r e a d i l y  g ive  numerical  s o l u t i o n s  t o  problems wi th  any input  

func t ions ,  

B o  Step  i n p u t s ,  i n  bo th  u and v, produce more seve re  stress con- r 
d i t i o n s  than corresponding ramp i n p u t s ,  

decreas ing  r i s i n g  time, approach t h e  s t e p  input  as a l i m i t .  

Thus, t h e  s t e p  inpu t  should be used i n  c a l c u l a t i n g  t h e  upper 

bounds of dynamic stresseso 

Ramp i n p u t s ,  wi th  

C. For t h e  case  of  a s t e p  u r  input  app l i ed  t o  a s h e e t ,  t h e  maximum 

u is 2 4  percen t  h ighe r  than t h e  s t a t i c  va lue ,  For a rectangu-  

l a r  p u l s e  inpu t  wi th  p rope r  width,  t h e  ae could be 54  percen t  

h igher  than  t h e  s t a t i c  va lue .  

t h e  hollow sphere  are 50 percne t  f o r  s t e p  ur  and 136% f o r  

r ec t angu la r  impulse input .  These t r a n s i e n t  peak s t r e s s e s  may 

be  of  s i g n i f i c a n t  importance i n  t h e  dynamic crack propagat ion 

and t h e  dynamic s t r e n g t h  of  materials. 

e 

The corresponding numbers f o r  

De The method of  c h a r a c t e r i s t i c s  could be  e a s i l y  extended t o  o t h e r  

e l a s t i c  wave problems, such as, t h e  bending of p l a t e s  i nc lud ing  

shea r  effect  and r o t a r y  i n e r t i a ,  non- l inea r  l a r g e  d e f l e c t i o n  

equat ions ,  and p o s s i b l y  even t o  bodies  wi th  two space v a r i a b l e s .  
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APPENDIX A 

De r i v  a t i on o f  Gov e r n  i n  g E qua t  - i on s 

In  t h i s  appendix, we s h a l l  d e r i v e  t h e  governing d i f f e r e n t i a l  

equa t ions  f o r  t h e  propagat ion o f  p l ane  l o n g i t u d i n a l  waves i n  b a r s ,  

s h e e t s ,  and i n f i n i t e  bod ie s ;  t h e  governing equa t ions  f o r  c y l i n d r i -  

cal waves i n  s h e e t s  and axisymmetric bod ie s ;  and t h e  governing 

equa t ions  f o r  s p h e r i c a l  waves, 

r ep resen ted  by one set o f  gene ra l i zed  equat ions.  

A l l  t h e s e  equa t ions  w i l l  then be 

For a p l ane  wave t r a v e l i n g  i n  an e l a s t i c  medium according t o  

t h e  elementary theo ry  o f  wave propagat ion and n e g l e c t i n g  t h e  

d i s p e r s i o n  effect  , we have [ 151 

This i s  t h e  governing d i f f e r e n t i a l  equat ion 

a l l  t h r e e  t y p e s  o f  body geometry, (i.e.,  bar, s h e e t ,  and i n f i n i t e  

body), 

f o r  p l ane  waves i n  

Iiooke's Law, however, f o r  each o f  t h e s e  cases is  d i f f e r e n t ,  

For p l ane  waves t r a v e l i n g  i n  an elastic b a r ,  Hooke's Law i s  given 

by 

where x is t h e  coord ina te  a long t h e  a x i s  o f  t h e  b a r ,  u 

normal stress on a p l ane  pe rpend icu la r  t o  t h e  a x i s  o f  b a r  and u 

is t h e  
X 

i s  t h e  displacement i n  x -d i r ec t ion .  Eq, ( A . 1 )  i s  t h e  equat ion of 

motion, while  (A.2)  i s  Hooke's Law with cX = au/ax. 
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For a plane i~.avc rrzvei lng alonp the x - d r ~ c c t i o n  i n  a shc tr  

o r  th in  p l a t e .  due t o  t h e  constraint  i n  y-direct ion,  u Z 0 but 
Y 

WAVE FRONT t e  /z/ 
E Y = C I  z = O r  

4 
Figure A , 1  A Plane Wave i n  a Sheet 

According t o  t h e  generalized Hooke's Law 

or 

Wi = d* wg ( 5INCE a.2 = o  ) 

av E* Eo 

Therefore, 
z 

a;c (cx = a u  = L p K - Z . 4  = 1 - 90 

For a plane wave travel ing  along t h e  x-direct ion i n  an 

i n f i n i t e  e l a s t i c  body, there are r e s t r a i n t s  i n  both y and z 

direc t ion ,  therefore c = E: = 0 and u = =z Or Y =  Y 

E)/  = '[ ry - Yo(% + rz)] = 0 
E o  

vi d G  

I -30 K.y = vz = 
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The gene ra l i zed  Hooke's Law i n  t h e  x -d i r ec t ion  then g ives  

The s t r e s s - s t r a i n  r e l a t i o n s  (A.2) , (A.4) , and (A.6) may b e  

combined i n t o  one equat ion  as 

where 

E = E, f o r  t h e  b a r  (A. 8) 

f o r  t h e  shee t  (A.9) 

- E,([ -%) 
E = F i 2 -  f o r  t h e  i n f i n i t e  

1 - 9, -2%2 body (A.lO) 
Eqs, (A. 1) and (A, 7), then,  are t h e  governing equat ions  f o r  p lane  

waves 

For a c y l i n d r i c a l  d i l a t a t i o n  wave, t h e  equat ion  o f  motion i n  

p lane  p o l a r  coord ina tes  i s  

(A. ll) 

The d e r i v a t i o n  of  t h i s  equat ion can be found i n  any textbook i n  

s t a t i c  e l a s t i c i t y ,  with t h e  body f o r c e  rep laced  by t h e  i n e r t i a  

fo rce ,  -p a2u/a t  where u is  t h e  r a d i a l  displacement.  Eq. (A.11) 

i s  a p p l i c a b l e  f o r  both a shee t  (plane stress) o r  an i n f i n i t e  

c y l i n d r i c a l  body (plane s t r a i n ) .  The Hooke's law equat ion ,  however, 

assumes d i f f e r e n t  forms. For t h e  s h e e t ,  we have u z  = 0, 

5 4  



I 

i 
I- ; 

Plane S t r e s s  Plane Strain 

Figure A,2 Cylindrical  Waves i n  Sheets  (plane s t r e s s )  
and i n  I n f i n i t e  Body (plane s t ra in )  

therefore 

- a u  - _ _  I (A,  12) t + - -  - at- 
and 

& * - -  * u  - - - I (vi3 -do.;) (A, 13) 
k E* 

For the i n f i n i t e  cy l indr ica l  body, c z  = 0,  thus we have 

(A.  14) 

and 
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Eqs, (A, 12) ,  (A ,  13) , (A. IS) ,  and (A, 16) may b e  represented  by 

two equat ions  

where 

E = E, 

2) = d o  

(A. 17) 

(A. 18) 

f o r  s h e e t s  (A. 19) 

(A. 2 0 )  f o r  i n f i n i t e  c y l i n d r i c a l  
body 

For a s p h e r i c a l  d i l a t a t i o n  wave invo lv ing  only  r a d i a l  d i s -  

placement, t h e  equat ion  of  motion is 

acr, + 2 ( G - W  = p ~ t 2  a 2u (A.21)  at- i- 

This  type  of wave can only e x i s t  i n  an i n f i n i t e  body. The normal 

s t r e s s e s  i n  t h e  two d i r e c t i o n s  or thogonal  t o  r, due t o  symmetry, 

t h e r e f o r e  
Or 53 = =v must be  equal ,  

*;2-/’ A l l  o f  t h e  p rev ious ly  der ived  governing d i f f e r e n t i a l  equat ions  may 

be consol ida ted  i n t o  one s e t  of equat ions ,  wi th  r as t h e  d i r e c t i o n  

of  wave propagat ion,  
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(A:  24) 

(A,> 2 5 )  

where N, E ,  and Q are c o n s t a n t s ,  assuming d i f f e r e n t  va lues  according 

to the  rule: 

N = O  

N = l  

N = 2  

E - Eo in bar 

E = 

E = E, 

( c y l i n d r i c a l  waves 1 

E = Eo 

i n  s h e e t  

i n  i n f i n i t e  body 

i n  s h e e t  

i n  i n f i n i t e  c y l i n d r i c a l  body 

I I 
v = vo 

E = E l  

w = v  i 

[ s p h e r i c a l  waves) 

E = Eo 

v = v  
0 

I t  should be noted  t h a t  f o r  t h e  p l ane  waves i n  b a r s  and i n  

s h e e t s ,  a s  well as t h e  c y l i n d r i c a l  waves i n  sheets,  t h e  governing 

equat ions  are approximate i n  n a t u r e ,  as d i scussed  i n  any s t anda rd  

t e x t  i n  e l a s t i c i t y .  For t h e  cases of  p l ane ,  c y l i n d r i c a l  and sphe r i -  

cal  waves i n  an i n f i n i t e  body, t h e s e  equa t ions  are e x a c t ,  
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Combining eqs .  (A ,24 ) ,  (A .25 ) ,  and (A.26), and e l i m i n a t i n g  or 

and ae, we have 

where 

(A.27)  

(A. 28) 

is t h e  v e l o c i t y  o f  wave propagat ion.  For p l ane  waves (N = 01, 

i n  b a r s  : 
c = c, = E = b a r  v e l o c i t y  (A. 29) 

p l a t e  

= v e l o c i t y  (A. 30) € 0  i n  s h e e t s :  c = cp 
I -q) 

d i l a t a t i o n  

ve 1 o c i  t y  
- - (A. 31) 

/' 

For c y l i n d r i c a l  waves ( N  = 1) 

p l a t e  

v e l o c i t y  
(A. 32) i n  s h e e t s :  c = c  - 

.P -do") 

For s p h e r i c a l  waves (N = 2) 
- d i l a t a t i o n  - 

v e l o c i t y  

d i l a t a t i o n  
(A. 34) - - 

ve 1 o c i  t y 
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From t h e s e  equa t ions ,  it may be seen t h a t  i n  b a r s ,  p l ane  waves t r a v e l  

a t  t h e  b a r  v e l o c i t y ;  i n  s h e e t s ,  both p l ane  and c y l i n d r i c a l  waves 

t ravel  a t  t h e  p l a t e  v e l o c i t y :  while  i n  i n f i n i t e  bod ie s ,  a l l  waves 

(plane,  c y l i n d r i c a l  and s p h e r i c a l )  t r a v e l  a t  t h e  d i l a t a t i o n  v e l o c i t y .  

These r e s u l t s  are summarized i n  Table A . l .  
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TABLE A . l  

Constants for  Different  Cases 

N 

0 

1 

2 

E 

V 

C 

E 
m 

V 

C 

E 

V 

C 

Bar Sheet 

EO E l  

C P 

Eo 
- 

- I  V 
0 

- I cP .. .~ - 

I 

_ ~ _ ~ _ _ _ _  -- 

I n f i n i t e  Body 

2 
C 

~ . .. 
c2 

EO 

v 
0 

c2 
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APPENDIX B 

Method of Characteristics (For general reference, see [14].) 

In this appendix, the method of characteristics as applied to 

the system of eqs, (14), (15), and (16) is outlined for reference, 

We consider in this discussion only regions in the physical plane 

trot-plane) where the stresses and velocity are continuouso Hence 

we may write 

We shall seek curves in the r,t-plane along which the deri- 

and v might be discontinuous, Such curves, when ‘e 0 
vatives of ur, 

they exist, shall be called the physical characteristics, Discon- 

tinuity in the derivatives of orD aeP and v implies that aar/ar, 

oor/at, doe/ar, aoe/at, av/ar, and av/at are indeterminate along 

the physical characteristics, If these six derivatives are con- 

sidered as unknown variables, they are related by the six eqs, (14), 

(15) (16) and (R, I) as follows: 

+r\lZrEh+ml 
E a t  = o  
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where M = [l - (N - 1) VI. Solving these equations for au /ar, r 
we have 

aav - - -  at- 

19 L r 

This derivative is indeterminate if both the numerator and 

denominator are equal to zero. The vanishing of the denominator 

yields three physical characteristics, 

For dr/dt = 2 c, the vanishing of the numerator of (B.3) yields 

the characteristic equations, which govern the variables u 

and v along 1' and I -  physical characteristics, 

u rD 8 '  

These equations 
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a r e ,  along d r / d t  = + c,  - 
r- 

From eq, (B,3), t h e  c h a r a c t e r i s t i c  equat ion  along t h e  phys ica l  

c h a r a c t e r i s t i c  d r  = 0 cannot be obtained,  s i n c e  ( d r ) 2  a l s o  appears  

i n  t h e  numerator as a common f a c t o r .  

(B.2) f o r  aar /a t ,  aog/a t ,  av/ar ,  o r  av /a t  g ives  t h e  same r e s u l t  as 

eq, (B,3), i o e a ,  it y i e l d s  t h e  same t h r e e  phys ica l  c h a r a c t e r i s t i c s  

I+, I - ,  11, and t h e  same c h a r a c t e r i s t i c  eqs ,  (B.5) along I+ and I-. 

Solving for aoe/ar ,  however, we obta in  a d i f f e r e n t  r e s u l t ,  

Solving t h e  system of eqs.  

J 
The vanishing of t h e  denominator g ives  t h e  same t h r e e  phys ica l  

c h a r a c t e r i s t i c s  I , I- ,  and I1 as previous ly  der ived ,  
+ The vanish ing  

of t h e  numerator with d r / d t  = + c y i e l d s  t h e  c h a r a c t e r i s t i c  eqs .  

(B,5),  

- 
In add i t ion ,  t h e  vanish ing  of  t h e  numerator wi th  d r  = 0 

produces t h e  c h a r a c t e r i s t i c  equat ion along 11, i a e o ,  

NASA-Langley, 1965 E-28'59 
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